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                              Abstract 
     The James-Keenan model which is extended by inclusion of 
a crystalline field of octahedral symmetry is studied with 
the purpose of elucidating the mechanism of phase transitions 
and the nature of molecular rotation in the solid methane. 
All the calculations are made in the subspace Js4, J being 
the rotational quantum number. Four types of solid phase 
are examined, three of which are assumed to have the same 
sublattice structures and the same symmetry relations as the 
disordered phase and the low and high temperature ordered 
phases of James and Keenan's classical theory: and the remainder 
has a layer structure. First, nuclear spin species A and T 
are treated separately. Then normal mixture of these nuclear 
spin species is examined with a further assumption that these 
nuclear spin species are randomly distributed in the lattice. 
A simplest possible form of octahedral field is assumed. The 
strength of the field is taken from the analysis made by 
Cabana, Savitsky and Hornig of the infrared absorption spectra 
by methane molecules dispersed in the matrix of Kr and Xe 
crystals. It is shown that thermodynamic properties of the 
extended James-Keenan model are similar to those of the original 
one and normal mixture exhibits the observed double 
transitions in solid methane when the magnitude of the effective
 -2-
octopole moment is chosen such that the observed upper tran-
sition temperature is reproduced. Nuclear spin species A is 
shown to be more stable than species T, which is in conformity ' 
with Wong, Noble, Bloom and Alexander's and Runolfsson, Mango 
and Borghini's experiments on the mean square value of the 
proton angular momentum at low temperatures. The effects of 
variation of both the magnitude of the effective octopole 




     Methane has recently been attracting much attention as 
an object of study on the molecular dynamics in the condensed 
phase at low temperatures. From infrared spectra of solid CH4 
and CD4 and dilute solutions in one another at temperatures 
ranging from 5 to 40°K, Savitsky and Hornig1) concluded that 
free rotation as the disordering mechanism seems to be ruled 
out for all the transitions2)-9) in the solid state. They 
estimated from the observed line width the barrier as high 
as several hundred cm-1. Glasel10) observed near-infrared 
absorption spectra of solid methane in the regions of 
vl+v4 and v3+v4 over a temperature range from 6 to 33°K. 
He did not find any evidence of molecular rotation so that 
he was led to an interpretation relying upon an order-
disorder transition mechanism. Ewing11) studied infrared 
absorption of the v3-fundamental of CH4, CD4, and solutions 
of CD4 in CH4 in the liquid and solid states from 105 down to 
28°K. The observed broad liquid-state absorption is consistent 
with the assumption that molecules make slightly hindered rota-
tion in the liquid state. Furthermore, the band width decreases 
gradually with decreasing temperature and undergoes no dis-
cernable discontinuous change on passing through the freezing 
point, which suggests that.the rotatory motion persists even 
in the solid state. Ewing estimated the height of barrier as 
63 cm-1 in the liquid state. From the fact that the narrow
 -4-
band observed at 28°K (iv=15 cm-1) lacks librational structure 
it was suggested that the rotational barrier does increase as 
the temperature is lowered.11) Raman spectra of liquid and 
crystalline methane were observed by Crawford, Welsh and 
Harrold12) and by Anderson and Savoie.13) Crawford et al.  
attributed the complicated shape of the v2 and v3 vibration 
bands in the liquid state to conservation of the quantum nature 
of rotation of the molecules.11) Spectra of the higher-
temperature solid phase (at 77°K) by Anderson and Savoie were 
very similar to those in the liquid state. This again suggests 
that molecular rotation persists in the crystal at temperatures 
near the melting point.13) Anderson and Savoie's observation 
was also supported by neutron inelastic scattering experiments 
in liquid state. Gordon16) disclosed a close relation between 
the infrared and Raman spectra by looking at the time corre-
lation functions associated with molecular rotation. The 
main conclusion of his arguments is that both spectra allow 
us to derive a consistent view of hindered rotations. 
Dorner and Stiller17) derived frequency distributions of 
solid CH4 at 2.7, 18 and 84°K from the energy distributions 
of scattered neutrons and found no evidence of free rotation. 
Harker and Brugger18) performed slow neutron scattering 
experiments at temperatures 5, 9.1, 18 and 22.1°K. Comparison 
of the 22°K data with Griffing's "discrete rotation gas 
model"19) almost eliminates the possibility of free rotational
 -5-
motion at this temperature.18) The width of the elastic 
scattering peak was analyzed by Skold.20) He suggested that 
the broadening of the elastic peak is due to frequent stepwise 
reorientation of molecules and estimated the average time 
between successive rotational jumps as about 10-12 sec at 
T=22.1°K. On the other hand, Thiele, Whitney and Chase21) 
measured the velocity and attenuation of ultrasonic waves in 
the solid state and pointed out that their data above the A-
point are consistent with a single relaxation process the 
characteristic time T of which increases sharply with decreasing 
temperature. They obtained T_5x10-8sec at TA, a value that 
compared with Tomita's value22)T
c- 10-7 sec (at the same 
temperature) which was obtained by analysis of T1 of the 
proton magnetic resonance observed by Thomas, Alpert and 
Torrey.23) However, Sandhu, Lees and Bloom24) recently 
reported that Thomas, Alpert and Torrey's T1 values are about 
1000 times as short as those in pure CH4. DeWitt and Bloom25) 
measured the proton and deuteron spin-lattice relaxation time 
T1 in CH4, CD4,CHD3,CH3D, and CH4-CD4 mixtures and CH4- 
krypton mixtures as a function of temperature between 1.2 and 
60°K. Their analysis of the data revealed that the strong 
temperature dependence of T1 is associated with molecular 
reorientation. They obtained Tc-8x10-11 sec at 18°K. From 
what was mentioned so far, it is now obvious that there are 
significant barriers to rotation of methane molecules 
even in the disordered phase (highest temperature phase).
 -6-
     As for the theoretical studies of the phase transitions, 
James and Keenan4) predicted classically the structure of the 
three solid phases in solid CD4 together with the double 
transition in conformity with experiment2) under the assumption 
of electrostatic octopole-octopole interaction between 
neighboring molecules whose carbon atoms form a rigid FCC 
lattice. Yamamoto et al. have developed a quantum statistical 
mechanical study of the model in a series of papers, I,5) I2,6) 
III,7) and V8), with the same title as the present one, for 
the purpose of verifying whether the model is capable of 
reproducing the observed remarkable quantum effects in solid 
CH4 and CH3D.2) The upper transition temperatures in solid 
CH3D and CHD3 and solid solutions of CH4 and CD4 were also 
calculated in IV.9) From the results of these studies it has 
been proved that the James-Keenan model is quite hopeful as 
a working model for understanding the nature of the phase 
transitions in the whole family of the isotropic solid methanes. 
Owing to the very nature of the molecular field approximation 
employed, the molecules are never affected by a hindering 
potential in the disordered phase. 
     In order to get rid of this defect, we will proceed one 
step further in the present article by including a crystalline 
field to the original James-Keenan model. This extention 
takes into account a part of the effect of the dispersion 
force and the valence force26) that was neglected in James
 -l-
and Keenan's assumption4) of electrostatic octopole-octopole 
interaction. As an approximation, we use a crystalline field 
which a methane molecule feels in a xenon or krypton 
crystal, since a CH4 molecule fits almost exactly into a 
substitutional hole in those crystals. Cabana, Savitsky and 
Hornig27) reported the infrared spectra of CH4 and CD4, present 
as substitutional impurities in crystals of argon, krypton 
and xenon, at temperatures ranging from 5 to 40°K. The theory 
of the hindered rotational levels of a sperical top in an 
octahedral field was worked out in considerable detail by 
King and Hornig.28) Based on this theory, Cabana, Savitsky 
and Hornig27) estimated the barrier to rotation about a 
fourfold crystal axis as 50-60 cm-1 for CH4 in xenon. This 
result is used in the present calculation. The strength of 
the crystalline field is assumed to be constant against . 
temperature. The quantum statistical mechanical properties 
of this extended James-Keenan model are studied by the 
molecular field approximation. All the calculations are 
made in the subspace J<4, J being the rotational quantum 
number. Four types of solid phase, are examined, three of 
which are assumed to have the same sublattice structures and
 -8-
the same symmetry relations as the disordered phase and the 
low and high temperature ordered phases of James and Keenan's 
classical thoery, and the remainder has a layer structure. 
First, nuclear spin species A and T are treated separately. 
Then normal mixture of these nuclear spin species is examined 
with a further assumption that these nuclear spin species are 
randomly distributed in the lattice. 
     It will be shown that thermodynamic properties of the 
extended James-Keenan model are similar to those of the original 
one and normal mixture exhibits the observed double 
transitionsin solid methane, provided that the magnitude of 
the effective octopole moment is chosen such that the observed 
upper transition temperature is reproduced. Nuclear spin 
species A is more stable than species T and this result is 
compatible with Wong, Noble, Bloom and Alexander's29) and 
Runolfsson, Mango and Borghini's30) experiments on the mean 
square value of the proton angular momentum at low temperatures. 
The other cases where the magnitude of the effective octopole 
moment and the strength of the crystalline field are changed 




      We assume the simplest form for 
 field, which is written in terms of 
OUI-(4) as follows,28) ) 
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The strength of the crystalline field is estimated as 34=-4 
from the analysis made by Cabana et al.11j of their infrared 
absorption spectra by methane molecules dispersed in the matrix 
of Kr and Xe crystals. 
     The crystalline field (2.1) can be expressed in a more 
explicit form 
VJ)=Bf (~_s z 3s ~ 
3z,~vnk(c66 (G'( c(96 
6 
           — Cepp ( 1-2,dt~r2/3 )~D(,y 
                                                       (2.3)
The coordinate system fixed in the lattice and the standard 
orientation of molecule are shown in Figs. 2 and 1 in II, respec-
tively. From this expression one sees that the x, y and z axes 
are the four-fold rotation axes, 
V(,o,o3(  co6404). 
                                                     (2.4)
For minus values of 34, the crystalline field has the minimum
                                                         • 
 -11-
value 334B for w={0, 0, 0} and {zr/2, 0, 0} and for the equiva-
lent orientations and the maximum value(-13/9)4B for w={4, 
R, Tr/4} with sin23=8/9 and for the equivalent orientations. 
These orientations of the potential minima where the hydrogens 
are oriented toward the cube corners seem probable since in 
these orientations all protons of the methane molecule under 
consideration are simultaneously at the maximum distance from 
the center of mass of the three neighboring methane molecules. 
For this reason it seems reasonable that the sign of f34 has 
been chosen minus. 
              The Molecular Field Approximation
     A quantum statistical mechanical formulation of the 
original James-Keenan model has been developed in great details 
in II.6) Since addition of the crystalline field brings no new 
difficulties, only a brief outline of the formulation may be 
given here. First the assumptions and approximations employed 
are summarized below. 
      (a) The electrostatic octopole-octopole interaction is 
assumed between nearest neighboring pairs of methane molecules 
                        * in an FCC lattice) (the James-Keenan model4)). In addition 
*) Recent x-ray analysis revealed that the carbon atoms form 
an FCC lattice in the temperature range 4.2 to 75°K.32)
 -12-
to that, each molecule is assumed to feel the crystalline 
field V(w) of octahedral symmetry (2.1) . 
      (b) The molecular motion is studied in the subspace spanned 
by the rotational wave functions of a free molecule with JS4, 
J being the rotational angular momentum quantum number. 
      (c) The molecular field approximation is employed. 
~d) Four types of solid phase are examined, three of which 
are assumed to have the same sublattice structures and the 
same symmetry relations as the disordered phase and the low 
and high temperature ordered phases of James and Keenan's 
classical theory.4) The remaining phase has a layer structure 
as shown in Fig. 1, where the signs of the molecular fields 
in each of two sublattices are opposite. This is called the 
2-sublattice antiferrorotational phase. 
      (e) No interspecies conversion occurs.*) 
      (f) When we say "normal mixture" of nuclear spin species 
A and T it is meant that the abundance ratio of A and T is 
conventionally fixed at 5:11. These nuclear spin species are 
assumed to be randomly distributed in the lattice. 
     The octopole-octopole interaction is written down, as 
was proved in I5) of the present series, 
*) "Equilibrium mixture" is left for future study, where 
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where wl and w2 stand for the Euler angles of the orientations 
of respective molecules, r, 0 and $ the polar coordinates of 
the relative position of the two molecules, and 13 the octopole 
moment. Hereafter, = I32r-7 is called a coupling parameter. 
     Under the assumption (a), we put the Hamiltonian in the 
form 
"' K(L) + U, Cz~a) ~~ V<<) (2.7)
where means the summation over nearest neighbor 
(i.7) 
Now we introduce the so-called molecular field 





where 0 is the one-molecule density matrix 
  j2)               -e/X/p-(3(k~u~v) 
     Z
The consistency equations are written in terms 
fields, 





       (2.10)
From (2.5) it is clear that 
                 (3)
w.-(3Cw  La)-=f 
      V 
         2,v> (2.11) 
where the coefficients aiv are to be determined as a function 
of temperature. 
     The existence of the disordered phase can be seen from 
the following discussions on symmetry. The crystalline field 
V(w) is a basis of the irreducible representation Ai of the 
octahedral rotation group, whileo-23) (w) -A3v(co)are the 
bases of the irreducible representation A2 of the same group.33) 
For this reason, if we put U,(j)=0 on the right-hand side of
 Eq.(2.10), the value of the right-hand side vanishes 
we have the disordered phase as a solution of (2.10) 
temperature. 
          The 2-sublattice Antiferrorotational Phase
-15-
, so that 
at any
     As the 2-sublattice antiferrorotational phase*) is a new 
one in,the present series of investigations, its formulation 
may be given in this subsection. 
     For the 2-sublattice antiferrorotational phase, the con-
sistency equations (2.10) are written in terms of molecular 
field UI and UII, 
   te 
  2—__7/e 
   4-2'u(1/I2/1T)1--(k+L-)11+ V) 
                           a 
   Z~
(2.12)





classical calculation,34) it can be shown that in the 
S4=-0D an octopolar array in the FCC lattice is most 
the layer structure shown in Fig.l. In this limit, 
on site I have the orientation w={0, 0, 0}. and 
on site II have the orientation w={w/2, 0, 0).
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L)2=  bL(2) u 0. 2/1)
+Z-b-12) u ( /  2/f) 




ZH w-73(  K+ [Y1-/- V)
         (2.13)
The assumption (d) says UII=-UI. Observing that functions 
oi,(3) (w) -23) (W) change their sign by rotation{7/2, 0, 0) 
about the molecular C axis, one sees that this assumption 
means the molecular field U to this rotated system 
is the same as UI in the original system. From this relation, 
Eqs. (2.12) and (2.13) are reduced to a consistency equation 
in terms of UI 
UI (2) U(1/I) 2/1) - U( 1/I) 2/r)) 
2 Xw-p(I(-+ UV). 
Zr (2 .14-)
This equation is the same as that of 




is replaced by 2_AF
The definition 
 ((V 4( 
   2-AF, M
of  (J2-AF 
7Y1 
'
 is as follows, 
      —~I`1(ev',i6 o-) Y6,
and their numerical values are given below, 
2-AF,M = -1.783906 if M=±4 
                  -0 .0635692if M=0 
          0otherwise. 
     If we put 134=0, the linearized consistency 
(2.14) determines the branching temperature vs 
ter relation (cf. II (4.35)6)), 
G() = - 1/1.3049'5- 
which corresponds to an even phase in the sense
     OC  v  = 0 if u t" ±2 . 
The molecular field in this phase can be 
which is one of the tetrahedral rotation 













expr ssed with ul(w), 
functions of James 
35),6) and remembering
the  de  illition of the GO),  one can conclude that the 
of the coupling parameter for the ferrorotational and 
sublattice antiferrorotational phases which correspond 




 to a 
 relation
2-AF =2.2s . (2.1?)
This shows that the 
is less stable than 
     The nonlinear 
        \\dL
solved by"iteration 
the results will be 
those for the other
 2-sublattice antiferrorotational phase 
 the ferrorotational phase if $4=0. 
consistency equation (2.l-) was numerically 
method with the restriction of JS4. All 
explained in the next section together with 
 phases.
 -19-
 3. Results of the numerical calculations and discussions 
      As was already mentioned in Sec. 2, the value of R is 
 fixed at -4 throughout the present calculations, unless other-
 wise stated. 
                      Nuclear Spin Species A  
      Figure 2 shows branching temperature vs C curves for the 
 three ordered phases. From this Figure one sees that the 
 values of the coupling parameter for the ferrorotational and 
 8-sublattice antiferrorotational phases which correspond to 
 a particular value of branching temperature obey the relation 
CF/C8_AF-1.017. In Fig. 3, 'the free energy vs E curves for 
 the three ordered phases at 2°K are shown. Figs. 4. and S 
 give two examples of free energy vs temperature curves. There 
 appears a single transition at 23.7°K, below which the 8-
 sublattice antiferrorotational phase survives in Fig. 4. One 
 sees double transitions in Fig. .5, where the high temperature 
 ordered phase is the 8-sublattice antiferrorotational phase ' 
 and the low temperature phase is the ferrorotational phase. 
Thehasediagramis shown in Fig. gg. 6, where the abskssa is the 
 coupling parameter C . The region in which the 2-sublattice 
 antiferrorotational phase is most stable is very narrow_ 
 Comparing these results with those shown in II,6) one sees that 
 the crystalline field assumed does not appreciably affect the 
 thermodynamic properties of nuclear spin species A.
 -20-
                    Nuclear Spin Species T  
      In Fig. 7, the branching temperature vs C curves are 
shown. Figure 8 shows the free energy vs C curves at 2°K. 
Figure 9 gives free energy vs temperature curves for C=3.40°K. 
One sees double transitions, the upper one being at 21.3°K and 
the lower one at 16°K. The high and low temperature ordered 
phases are identified with the 8-sublattice antiferrorotational 
and ferrorotational phases, respectively. This figure is 
compared with Fig. 14 in II.6) The 2-sublattice antiferro-
rotational phase does not appear at all temperatures at this 
value of C. 
      Repeating numerical calculations at other values of C, we 
obtain the phase diagram as shown in Fig. 10. From this figure 
one sees that double transitions such as shown in Fig. 9 occur 
for the values of E>3.28°K. In the region 3.16°K<F<3.28°K, 
one sees new double transitions, the high and low temperature 
ordered phases are identified with the 8-sublattice antiferro-
rotational and 2-sublattice antiferrorotational phases, respec-
tively. For smaller values of C, i.e., 1.79°K<C<3.16°K, we 
have a single transition, where the low temperature phase is 
the 2-sublattice antiferrorotational phase. This can be 
understood as follows: As the value of S4 is fixed as -4, the 
effect of the crystalline field becomes larger for smaller 
values of E.
 -21-
                          Normal Mixture  
      Figure 11 shows branching temperature vs C curves for the 
three ordered phases of normal mixture. As the observed upper 
transition temperature is 20.4°K2) the high temperature ordered 
phase is identified to the 8-sublattice antiferrorotational 
phase. The numerical value, 3.40°K, which was temporarily 
assigned to C in the case of species T, yields the upper tran-
sition at 20.5°K this time. We will adopt this value here 
again because it will make easier the comparison of the results 
of normal mixture with those of pure species T. Remembering 
that the upper transition temperature is 19.5°K for the same 
value of C if R4=0,7) one see that the addition of the crystalline 
field makes only a little difference in this respect. The free 
energy vs temperature curves are plotted in Fig. 12 for normal 
mixture. One sees double transitions, the upper one being at 
20.5°K, as was stated above, and the lower one at 13.5°K. The 
low temperature ordered phase is identified with the ferro-
rotational phase. The 2-sublattice antiferrorotational phase 
cannot appear in this case. The lower transition is a first 
order transition and its latent heat can be estimated from the 
difference of the internal energy at the transition temperature, 
which is equal to 0.86 cal/mole. Perhaps a better comparison 
of theory and experiment is that in terms of the total heat of 
transition in a'finite temperature range about the transition. 
The present theory gives 3.64 cal/mole for the temperature
 -22-
range from 12°K to 14°K. This may be compared with the observed 
value 4.4 cal/mole which is associated with the broad anomaly 
in the specific heat at around 8°K.2) As regards the upper 
transition, Clusius35) has reported a heat of transition of 
18.1 cal/mole for the temperature range from 17°K to 21°K, 
while the present theory gives 13.6 cal/mole for the same 
temperature range. With this comparison, the extended James-
Keenan model applied to normal mixture with C=3.40°K and (34= 
-4 seems compatible with the observed double transitions in 
solid methane. This is one of the most important results of 
the present study. Figure 13 shows the free energy vs C curves 
at 2°K. There is a critical value Ec=3.35°K of coupling parameter 
at this particular temperature. That is to say, if C<
c, the 
ferrorotational phase is less stable than the 2-sublattice 
antiferrorotational phase and vice versa. The phase diagram 
of normal mixture is shown in Fig. 14. 
 Comparison of Free Energies and of Rotational Energy Levels'
     Free energies at 0°K, C=3.40°K are listed up in Table 1. 
From this Table one sees that pure species A is most stable, 
which is in conformity with the observation by Wong, Noble, 
Bloom and Alexander29) and by Runolfsson, Mango and Borghini30) 
on the mean square value of the proton spin angular momentum 
at low temperatures. It is now obvious that we will eventually 
have to study equilibrium mixture, where interspecies conversion
 -23-
   occurs quickly enough to attain the true equilibrium. We will 
   not go into this subject here, leaving it for future study. 
   Only discussions based on the calculations on normal mixture may 
   be added here. A few lowest rotational energy levels at 0°K, 
=3.40°K are shown in Table 2. From the comparison of the 
    rotational levels of species A and T in normal mixture, one at 
   once sees that species T will convert into A if the conversion 
                      *) 
   is allowed at all. 
         From Table 2 one sees some differences in the degeneracies 
   of the rotational levels in the ferrorotational and 2-sublattice 
   antiferrorotational phases in normal mixture (cf. III Figs. 3 
   and 4).7) This evidently is due to the differences of the 
   symmetries of the effective potentials, which may be important 
   in the analysis of spectroscopic data. 
   *) Owing to the very nature of the molecular field approxi-
   mation employed, the internal energy is not the mere average 
   of the eigenvalue of the one-molecule effective Hamiltonian 
   i.e. the rotational energy levels) but the average minus a half 
   of the interaction energy. For this reason, we cannot compare 
   the lowest rotational levels of pure A and those of T to see 
   which is more stable at low temperatures. The statement on 
   normal mixture is rather reliable because the molecular fields 
   are determined consistently in the single homogeneous phase..
Comments on the Crystalline Field
     We have examined the effects of the  crystalline 
varying its strength. The free energy vs coupling 
curves have been obtained of the three ordered phases 
disordered phase at 2°K for various values of 34 
are summarized in Figs. 15 and 16 for species A 
mixture, respectively, where the sections at 2°K of pha 
diagrams are shown (cf. Figs. 6 and 14). In the case c 
                             r 
normal mixture the point ma'ced by C=3.40°K and 
ferrorotational phase, near the boundary of the 
antiferrorotational phase. As was stated in the 
subsection, the extended James-Keenan model applied 
mixture with F=3.40°K and 134=-4 seems compatible with t 
observed double transitions in solid methane in 
the thermodynamical properties. However, in vie' of th 
situation just mentioned, we are not in a position 
say which the lowest temperature phase should be 
the ferrorotational or 2-sublattice antiferrorotational 
phase. Thus the present study shows that the effects 
crystalline field to the James-Keenan model are so impo 
that further studies are needed with the more realistic 
crystalline field which may be derived from the 
the spectroscopic data, especially, of the disordered 
*) See, for example, Solt's examination of the 
rotational hindrance on neutron scattering for solid 
at 86°K.35)
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and from the molecular-theoretical calculations on inter-
molecular forces. 
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                    Figure Captions 
1. The sublattice structure of the layer structure, 
open circle represents the sublattice I and solid circle 
the sublattice II. 
2. The branching temperature Tb vs coupling parameter 
  curves of species A. 84=-4. The dashed, solid and 
dashed-dotted curves correspond to the 8-sublattice anti-
ferrorotational (II), ferrorotational (III) and 2-sub-
lattice antiferrorotational phases (IV), respectively. 
3. Free energy of species A as a function of at 2°K. 
84=-4. The arrow indicates the critical value Cc=3.82°K. 
4. Free energy vs temperature plots of species A in the 
case of c<C
c. =3.68°K. 84=-4. Fdis denotes free energy 
of the disordered phase (I). The symbol of lines is the 
same as that in Fig. 2. The disordered phase (I) and the 
8-sublattice antiferrorotational phase (II) can appear but 
not the ferrorotational phase (III), nor the 2-sublattice 
antiferrorotational phase (IV). 
5. Free energy vs temperature plots of species A in the 
case of >
c. F=4.0°K. 84=-4. The symbol of lines is 
the same as that in Fig. 2. Both ferrorotational (III) 
and 8-sublattice antiferrorotational phases (II) exist and 








antiferrorotational phase (IV) cannot appear. 
6. Phase diagram of species A, J<4. R4=-4. Symbols 
I, II, III and IV denote the disordered, 8-sublattice anti-
ferrorotational, ferrorotational and 2-sublattice antiferro-
rotational phases, respectively. 
7_ The branching temperature Tb vs coupling parameter 
curves of species T. R4=-4. The symbol of lines is the 
same as that in Fig. 2. 
8. Free energy of species T as a function of at 2°K. 
R4=-4. The symbol of lines is the same as that in Fig. 2. 
The arrow indicates the critical value E
c=3.28°K. 
9. Free energy vs temperature plots of species T. 
•3 .40°K. R4=-4. Fdis denotes free energy of the disordered 
phase (I). The symbol of lines is the same as that in Fig. 
2. 
10. Phase diagram of species T, JS4. R4=-4. Symbols I, 
II, III and IV denote the disordered, 8-sublattice anti-
ferrorotational, ferrorotational and 2-sublattice anti-
ferrorotational phases, respectively. 
11. The branching temperature Tb vs coupling parameter E 
curves of normal mixture. R4=-4. The symbol of lines is 







12. Free energy vs temperature plots of normal mixture. 
E=3.40°K, R4=-4. Fdis denotes free energy of the disordered 
phase (I). The symbol of lines is the same as that in 
Fig. 2. 
13. Free energy of normal mixture as a function of C at 
2°K. R4=-4. The symbol of lines is the same as that in 
Fig. 2. The arrow indicates the critical value Cc=3.35°K. 
14. Phase diagram of normal mixture, JS4. R4=-4. 
Symbols I, II, III and IV denote the disordered, 8-sub-
lattice antiferrorotational, ferrorotational and 2-sub-
lattice antiferrorotational phases, respectively. 
15. The section of phase diagram of species A at 2°K, 
where the intensity of the crystalline field, R4 and the 
coupling parameter of octopole-octopole interaction, E 
are variables. Symbols I, II, III and IV are the same as 
those in Fig. 14. 
16. The section of phase diagram of normal mixture at 
2°K, where R4 and C are variables. Symbols I, II, III 
and IV are the same as those in Fig. 14.
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Table 1. Free Energy 































 Rotational Energy 
= 3.40°K, 34 = -4. 




Normal Mixture Normal Mixture
Species  T Species A  pecies T Species A
Phase
2-sublattice
Antiferrorotational aa FE :rrorotational Phase
82 .64 (3)*) 109 .62 (3) 25 .28 (1)I 81.95 (2)
52 .80 (2) 80 .58 (3) 24 .20 (2) 72.22 (1)
36 .90 (3) 56 .15 (1) -12 .81 (1) 1 41.29 (1)
-2.80 (3) -14 .68 (1) -13 .54 (2) -24 .56 (1)
*) Numbers in the parentheses indicate degeneracies.
Table 2. 





0°K, C = 3.40°K, 
J=0 is chosen as 
     (continued)
 Energy 

















24.30 (1) 84.19 (3) 109.93 (3) 109.94 (3)
23.20 (2) 53.92 (2) 84.17 (3)
rC
84.29 (3)
-16 .46 (1) 30.42 (3) Si 52.36 (1) 52.22 (1)
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